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INTRODUCTION 
1. Purpose 
We prove 
THEOREM 1. A Jinitely generated ring has only finitely many subrings of 
index a giwen integer n. 
THEOREM 2. A subring of Jinite index in a finitely generated ring is again 
finiteZy generated. 
Both Theorems 1 and 2 are analogs of well-known group-theoretic facts 
which are easy consequences of the existence of a Schreier set of repre- 
sentatives for a subgroup of a free group (see, e.g., Kurosh, [4). However, 
another proof of the group theoretic version of Theorem 2 was given by 
M. Hall [I], and it is his techniques that we apply in part of the proof of 
our theorem. 
We also note that once we have Theorem 2, then, again as for groups, 
we have 
THEDREM 3. A finitely generated residually finite ring R is Hopfian, i.e., 
if the ideals of $nite index in the jinitely generated ring R have a trivial inter- 
section, then an epiendomorphism of R is an automorphism. 
We note that it then follows easily that finitely generated free rings are 
Hopfian. 
*Part of this work was done at the California Institute of Technology where the 
author held an ONR Postdoctoral Associateship. 
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2. NOTATION 
If R is a ring we denote by R+ its additive group. By a transversal of the 
of the subring S of R we mean a complete set of representatives for the 
cosets of S+ in Rf. S is then of (finite) index m in R if m is the least integer 
for which S admits a transversal with m elements. 
1. 
We first prove a lemma which allows us to restrict our attention to ideals 
rather than subrings. 
LEMMA 1. Let S be a subring of the ring R and suppose that S is of (finite) 
index m in R. Then there exists an ideal I of R, contained in S, and of f;nite 
index in R. Further, the index of I in R is less than k = (m + I)[(m+l)*l. 
Proof. Since the sum of two ideals is again an ideal, there exists a largest 
ideal J of R contained in S. S/J then contains no nonzero ideal o R/J. Thus, 
to prove the Lemma we need only show that S contains a noruero ideal of R 
whenever S has more than k elements. 
Let (24, u2 ,..., u,,,> be a transversal of S in R and, for convenience, denote 
by u,, a formal identity for R. If M = (0, 1,2,..., m> and s E S, then s induces 
a map fs: M x M-M defined by 
wuj = f9Ji.i) + Sl , i, jEM, s,ES. (1) 
Now there are only k such maps, and S has more than k elements. Thus 
there exist two distinct elements s, and sa in S for which f8, = f8, . Consider 
the (nonzero) ideal I of R generated by s, - sg . By the choice of s, and sa , 
u&, - S&j E s i,jEM. (2) 
Since every element r of R can be written I = ui + s for some ut and 
some s E S, it follows easily from (2) that IC S. This proves the Lemma. 
COROLLARY. If the subrings of the finite index of the ring R have a trivial 
intersection, then R is residually Fnite. 
We remind the reader that the free ring F, freely generated by x, , xs , . . ., x,, , 
is the ring of polynomials without constant term over the integers in the 
noncommuting indeterminates xi ,..., x, . The degree of an element of F is 
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defined in the usual way. Now let I be an ideal of F. We observe that we can 
choose a transversal T of I with the property 
(*) If p E T has degree 1, then for every positive integer k < 1, 
T contains an element of degree k. 
Indeed we obtain such a transversal T if we choose in each coset of I a 
polynomial of least degree. For, if T contains no element of degree k, then 
one easily sees by induction on d that every monomial of degree d > k 
is congruent modulo I to a polynomial of degree less than k and thus T 
contains no element of degree >,k. It then follows that if I has (finite) index m, 
then a transversal T of I with the property (*) consists of polynomials of 
degree <m. We are now ready to prove 
LEMMA 2. A Jinitely generated ring R has only finitely many ideals of index 
a given integer m. 
Proof. We first note that since every finitely generated ring is a quotient 
ring of a finitely generated free ring, we may assume that R = F. 
If I is an ideal of R index m we let T1 = {p, , p, , . . . . pm) be a transversal 
of I with the property (*). Following M. Hall [I] to every element Y E A 
we associate a permutation vr(v) of the set {l,..., m} by setting i&r) = j 
whenever 
r +pi =pjmodI. 
It is clear that v,(r) is a well-defined permutation and that the map 
is a homomorphism of Rf into S,,, , the symmetric group on m letters. 
Further, Y$, = 1 if and only if Y E I. Thus, if I1 and Is are two ideals of index 
m, then +1, = 4fi if and only if I1 = I2 . Now, it is clear that +1 is completely 
determined by its values on the transversal TI , and hence by its values on 
the subgroup A,,, < R+ of the polynomials of degree <m. Since A, is 
finitely generated, there are only finitely many homomorphisms of A, into S, 
and the lemma is proved. 
Theorem 1 now follows, for let S be a subring of index m in the finitely 
generated ring R. Then, by Lemma 1, S contains an ideal of R of index at 
most k = m + l(@+Q”). However, as there are only finitely many subrings 
in a finite ring, only finitely many subrings of R contain a given ideal of 
finite index. Thus, as there are only finitely many ideals of index k, there are 
only finitely many subrings of index n. 
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3. 
To prove Theorem 2, we also first prove, as an approximation 
LEMMA 3. An ideal of finite index in a jinitely generated ring is again 
jkitely generated. 
Proof. As before, we need only prove the lemma for finitely generated 
free rings. Let then F be a free ring freely generated by x1 , x2 ,..., x, , 
u = (ul, 112 ,..., urn} be a transversal for the ideal I of F, A the additive 
group (finitely) generated by U and, again for convenience, denote by q, a 
formal identity for F. Since every element f EF can be written f = ui + I 
for some ui E U and some r E Z, we have in particular that 
xi = uj + ri , i = ,..., n, 1 
uiuj = uk + sij s i,j,kE{l,..., m}. (3) 
Consider the set 
where all the indices run over their allowable values. Then the ring J 
generated by T is already an ideal of R. For, if t E T, it is easily verified with 
the help of (3) that xit and tx, are again elements of J. Let now f be an 
arbitrary element of F. An induction on the degree off shows that we can 
find an element I E J and integers CQ such that 
f = C w + r. 
i=l 
Thus, if f E I, then C qui E I and hence f E (A n I) + J. Since J Cl, it 
follows that I = (A n I) + J. However, (A n I)+, as a subgroup of a 
finitely generated Abelian group, and J are both finitely generated. Therefore 
(A n I) + J is finitely generated and the Lemma is proved. 
We note that a slight modification of the proof of Lemma 3 yields the 
slightly more general 
LEMMA 3’. Let R be a commutative ring such that submodules of jinitely 
generated R modules are again f&zitely generated (the integers, or a Jield, say). 
Let A be a finitely generated R algebra and let I be an ideal of A such that R/I 
is a Jinitely generated R-module. Then I is a fkitely generated R algebra. 
Lemmas 1 and 3 now easily yield a proof of Theorem 2. For let S be a 
subring of finite index in the finitely generated ring R. Then, by Lemma 1, 
S contains an ideal I of R still of finite index in R. By Lemma 3, I is finitely 
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generated. Thus S contains a finitely generated ideal of finite index, and is 
then finitely generated. 
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